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Vector Spaces

A vector space over R is a set V of objects (called vectors),
together with two operations, addition and scalar multiplication,
which satisfy the following:

@ Vs closed under addition.

© Vis closed under scalar multiplcation.

© Forallx,yec V,wehavex+y=y+x.

Q Forallx,y,zc V,we have (Xx+Yy)+z=Xx+(y+2).

© There exists 0 € V such that for all x € V, we have
X + 0 = x. (The vector 0 is called a zero vector for V.)

© Foreach x € V, there exists y € V such that x +y = 0. (y
is called an additive inverse of x.)

@ Forallx € V, we have 1x = x.

Q Foralla,8 e Rand all x € V, we have (af)x = a(SX).

©Q Foralla e Randall x,y € V, we have a(x +Y) = aX + ay.
@ Foralla,3 e Randall x € V, we have (a + 8)X = ax + 8X.
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Examples of Vector Spaces

@ Forall n, R" is a vector space.
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Examples of Vector Spaces

@ Forall n, R" is a vector space.
@ For all m,n, M h(R) is a vector space.

© The set P(R) of all polynomials in one variable x with real
coefficients is a vector space.

@ The set Py(R) of all polynomials of degree at most nin one
variable x with real coefficients is a vector space.

© The set F(R) of all functions from R to R is a vector space.
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Properties of Vector Spaces

Theorem 3.7: Let V be a vector space.
@ The zero vector 0 is unique.
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Properties of Vector Spaces

Theorem 3.7: Let V be a vector space.
@ The zero vector 0 is unique.
© Given x € V, its additive inverse is unique.
O Letx,y,zc V. lfx+z=y+z thenx=y.
© Forallx € V, we have Ox = 0.
© Forall a € R, we have a0 = 0.
© For all x € V, the vector (—1)x is the additive inverse of x.
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